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Abstract 

We obtain presentations for the Brauer monoid, the partial ana- 
logue of the Brauer monoid, and for the greatest factorizable inverse 
submonoid of the dual symmetric inverse monoid. In all three cases we 
apply the same approach, based on the realization of all these monoids 
as Brauer-type monoids. 

1 Introduction and preliminaries 

The classical Coxeter presentation of the symmetric group Sn plays an impor- 
tant role in many branches of modern mathematics and physics. In the semi- 
group theory there are several "natural" analogues of the symmetric group. 
For example the symmetric inverse semigroup TSn or the full transformation 
semigroup 7^. Perhaps a "less natural" generalization of Sn is the so-called 
Brauer semigroup Q3„, which appeared in the context of centralizer algebras 
in representation theory in |Brj . The basis of this algebra can be described 
in a nice combinatorial way using special diagrams (see Section This 
combinatorial description motivated a generalization of the Brauer algebra, 
the so-called partition algebra, which has its origins in physics and topology, 
see jMarlj . |.Ioj . This algebra leads to another finite semigroup, the partition 
semigroup, usually denoted by C„. Many classical semigroups, in particular, 
Sn, ISn, 53„ and some others (again see Section |21) are subsemigroups in 

In the present paper we address the question of finding a presentation 
for some subsemigroups of As we have already mentioned, for Sn this is 
a famous and very important result, where the major role is played by the 
so-called hraid relations. Because of the "geometric" nature of the generators 
of the semigroups we consider, our initial motivation was that the additional 
relations for our semigroups would be some kind of "singular deformations" 
of the braid relations (analogous to the case of the singular braid monoid, 
see |Ba| iBi] , or to the known presentations of the Brauer algebra from |BR,j , 
jBWj ) . In particular, we wanted to get a complete list of "deformations" of 
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the braid relations, which can appear in our cases. It turns out the all the 
semigroups we considered indeed have presentations, all ingredients of which 
are in some sense deformations or degenerations of the braid relations. 

As the main results of the paper we obtain a presentation for the semi- 
group (see Section in}, its partial analogue (which can be also called 
the rook Brauer monoid, see Section and is a kind of mixture of and 
2Sn), and a special inverse subsemigroup XT„ of (£:„, which is isomorphic 
to the greatest factorizable inverse submonoid of the dual symmetric inverse 
monoid, see Section 0] (another presentation for the latter monoid was ob- 
tained in [Eij). The technical details in all cases are quite different, however, 
the general approach is the same. We first "guess" the relations and in the 
standard way obtain an epimorphism from the semigroup T, given by the 
corresponding presentation, onto the semigroup we are dealing with. The 
only problem is to show that this epimorphism is in fact a bijection. For this 
we have to compare the cardinalities of the semigroups. In all our cases the 
symmetric group S'„ is the group of units in T. The product 5*^ x Sn thus 
acts on T via multiplication from the left and from the right. The idea is to 
show that each orbit of this action contains a very special element, for which, 
using the relations, one can estimate the cardinality of the stabilizer. The 
necessary statement then follows by comparing the cardinalities. 
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2 Brauer type semigroups 

For n G N we denote by Sn the symmetric group of all permutations on the set 
{1, 2, . . . , n}. We will consider the natural right action of Sn on {1,2,..., n} 
and the induced action on the Boolean of {1,2, ... ,n}. For a semigroup, S, 
we denote by E{S) the set of all idempotents of S. 

Fix n e N and let M = M„ = {1, 2, . . . , n}, M' = {!', 2',..., n'}. We will 
consider ' : M — »• M' as a bijection, whose inverse we will also denote by '. 

Consider the set C„ of all decompositions of M U M' into disjoint unions 
of subsets. Given a, P E C„, a = XiU- ■ ■ UX^ and /5 = Yi U ■ ■ ■ UY/, we define 
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their product 7 = a(3 as the unique element of C„ satisfying the following 
conditions: 

(PI) For i,j G M the elements i and j belong to the same block of the 
decomposition 7 if an only if they belong to the same block of the 
decomposition a or there exists a sequence, Si,...,Sm, where m is 
even, of elements from M such that i and s'l belong to the same block 
of a; si and S2 belong to the same block of P; s'2 and Sg belong to the 
same block of a and so on; s^-i and Sm belong to the same block of 
P; s'^ and j belong to the same block of a. 

(P2) For i,j G M the elements i' and j' belong to the same block of the 
decomposition 7 if an only if they belong to the same block of the 
decomposition (3 or there exists a sequence, Si, . . . , s^, where m is even, 
of elements from M such that i' and Si belong to the same block of (3; 
s[ and s'2 belong to the same block of a; S2 and S3 belong to the same 
block of (3 ans so on; s'^_i and s'^ belong to the same block of a; Sm 
and j' belong to the same block of (3. 

(P3) For i,j G M the elements i and j' belong to the same block of the 
decomposition 7 if an only if there exists a sequence, si, . . . , Sm, where 
m is odd, of elements from M such that i and s'l belong to the same 
block of a; Si and S2 belong to the same block of /?; s'2 and Sg belong to 
the same block of a and so on; s'^_^ and s'^ belong to the same block 
of a; Sm and j' belong to the same block of p. 

One can think about the elements of €n as "microchips" or "generalized 
microchips" with n pins on the left hand side (corresponding to the elements 
of M) and n pins on the right hand side (corresponding to the elements of 
M'). For a G Cri we connect two pins of the corresponding chip if and only 
if they belong to the same set of the partition a. The operation described 
above can then be viewed as a "composition" of such chips: having a, /? G C„ 
we identify (connect) the right pins of a with the corresponding left pins of 
f3, which uniquely defines a connection of the remaining pins (which are the 
left pins of a and the right pins of (3). An example of multiplication of two 
chips from C„ is given on Figure ^ Note that, performing the operation 
we can obtain some "dead circles" formed by some identified pins from a 
and p. These circles should be disregarded (however they play an important 
role in representation theory as they allow to deform the multiplication in 
the semigroup algebra). From this interpretation it is fairly obvious that 
the composition of elements from defined above is associative. On the 
level of associative algebra, the partition algebra was defined in |Marlj and 
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Figure 1: Multiplication of elements of 

then studied by several authors especially in recent years, see for example 
|BH IMar2[ IMarEH IMarWof iPat IXi] . Purely as a semigroup it seems that C„ 
appeared in |Maz2j . 

Let a G C„ and X be a block of a. The block X will be called 

• a line provided that |X| = 2 and X intersects with both M and M'; 

• a generalized line provided that X intersects with both M and M'\ 

• a bracket if |X| = 2 and either X C M or X C M'\ 

• a generalized bracket if |X| > 2 and either X C M or X C M'; 

• a point if |X| = 1. 

By a Brauer-type semigroup we will mean a "natural" subsemigroup of the 
semigroup Here are some examples: 

(El) The subsemigroup, consisting of all elements a G C„ such that each 
block of a is a line. This subsemigroup is canonically identified with 
Sn and is the group of units of 

(E2) The subsemigroup, consisting of all elements a G C„ such that each 
block of a is a either a line or a point. This subsemigroup is canonically 
identified with the symmetric inverse semigroup TSn- 
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Figure 2: Inclusions for classical Brauer-type semigroups 



(E3) The subsemigroup QS^, consisting of all elements a G such that each 
block of a is a either a line or a bracket. This is the classical Brauer 
semigroup^ see |Ke| IMazT] . 

(E4) The subsemigroup consisting of all elements a G C„ such that 

each block of a is a either a line or a bracket or a point. This is the 
partial analogue of the Brauer semigroup, see |Mazlj . 

(E5) The subsemigroup TVn, consisting of all a G such that each block 
of a is a generalized line. In this form the semigroup IVn appeared in 
|Mal2[ IMal3j . It is easy to see that the semigroup XV n is isomorphic 
to the dual symmetric inverse monoid from |FLj . 

(E6) The subsemigroup XT„, consisting of all a G C„ such that each block 
X of a is a generalized line and |X fl M| = |X fl M'\. In this form the 
semigroup XT„ appeared in |Mal8j . The semigroup XT„ is isomorphic 
to the greatest factorizable inverse submonoid J-'l^ of Ilj from |FLj . 

All the semigroups described above are regular. Sn is a group. The 
semigroups ISn, IVn and XT„ are inverse, while and PQ3„ are not. 

The partially ordered set consisting of these semigroups, with the partial 
order given by inclusions, is illustrated on Figure El 

In what follows we will need some easy combinatorial results for Brauer- 
type semigroups. For a G we define the rank rk(a) of a as the number 
of generalized lines in a, that is the number of blocks in a intersecting with 
both M and M' . Note that for the semigroups S'„, XiS„, Q5„, V^n and C„ 
ranks of the elements classify the P-classes (this is obvious for S'„, for XiS„ 
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this is an easy exercise, for *B„ and this can be found in |Mazlj . and 



for €n it can be obtained by arguments similar to those from |Mazlj for *B„). 



For the semigroup XT„ we will need a different notion. Let X be a 
finite set and X = uf^^Xfc be a decomposition of X into a union of pairwise 
disjoint subsets. For each i, I < i < |X|, let denote the number of subsets 
of this decomposition, whose cardinality equals i. The tuple (mi, . . . ,'m\x\) 
will be called the type of the decomposition. Consider an element, a G 
TT„. By definition a is a decomposition of M U M' into a disjoint union of 
subsets, whose intersections with M and M' have the same cardinality. Let 
(mi, . . . , m2n) be the type of this decompositions (note that mj 7^ only if i 
is even). The element a induces a decomposition of M into disjoint subsets, 
whose blocks are intersections of the blocks of a with M. By the type of a we 
will mean the type of this decomposition of M, which is obviously equal to 
(m2,m4, . . . ,m2n)- The types of elements from XT„ correspond bijectively 
to partitions of n (a partition, A h n, of n is a tuple, A = (Ai, . . . , A^), of 
positive integers such that Ai > A2 > • ■ ■ > A^ and Ai + ■ ■ ■ + A^ = n). The 
types of the elements classify the P-classes in XT„, see |FH Section 3]. 

For the semigroup ViBn we will need a more complicated technical tool. 
Although P-classes are classified by ranks we will need to distinguish ele- 
ments of a given rank, so we introduce the notion of a type. For a G V^n 
let r denote the number of lines in a; 61 the number of brackets in a, con- 
tained in M; 62 the number of brackets in a, contained in M'; pi the number 
of points in a, contained in M; p2 the number of points in a, contained in 
M'. Obviously n = r + 2bi +pi = r + 262 +P2- Define the type of a as follows: 



type(a) 



(62, &i - &2,0,pi), bi > 62; 
(61,0,62 - 61,^2), 62 > 61. 



We will need the following explicit combinatorial formulae for the number 
of elements of a given rank or type. 

Proposition 1. (a) For A; G {0, . . . , n} the number of elements of rank k in 
ISn equals {^Ykl. 

(b) For k G {1, . . . ,n} the number of elements of rank k in equals if 
n — k is odd and ^al^^/yfci if n — k = 21 is even. 

(c) The number of elements ofXT^ of type (mi, . . . , m„) equals 



i=l 



mj(z!)2"^' 
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(d) For all non-negative integers k, m, t such that 2k + 2m-\-t < n the number 
of elements of the type (fc, m, 0, t) in V^n is equal to the number of 
elements of the type {k,0,m,t) in VBn and equals 



k\2^{t + 2m)\{k + m)!2'=+'"t!(n -2k -2m- t)V 

Proof. This is a straightforward combinatorial calculation. □ 

Remark 2. The semigroup C„ can be also connected to some other semi- 
groups of binary relations. As we have already mentioned, the subsemigroup 
TVn of is isomorphic to the dual symmetric inverse monoid 1\j from |FLj , 
which is the semigroup of all difunctional binary relations under the operation 
of taking the smallest difunctional binary relations, containing the product of 
two given relations. The semigroup XT„ is isomorphic to the greatest factor- 
izable inverse submonoid of T\j, that is to the semigroup E{X*^j)Sn- One can 
also deform the multiplication in in the following way: given G 
define 7 = a T*r /3 as follows: all blocks of 7 are either points or generalized 
lines, and for j G M the elements i and j' belong to the same block of 7 if 
and only if i belongs to some block X of a and j' belongs to some block Y 
of (3 such that X fl M' = {Y r\ M)'. It is straightforward that this deformed 
multiplication is associative and hence we get a new semigroup, This 
semigroup is an inflation of Vernitsky's inverse semigroup {Dx,o), see |Vej . 
which is a subsemigroup of in the natural way. An isomorphic object 
can be obtained if instead of points one requires that 7 contains at most one 
generalized bracket, which is a subset of M, and at most one generalized 
bracket, which is a subset of M'. 



3 Presentation for 

For i = 1, . . . ,n — 1 we denote by Sj the elementary transposition {i, z + 1) G 
Sn, and by vTj the element {i, i + 1} U {i', {i + 1)'} U IJjyj,j+i {j,/} of ^„ 
(the elementary atom from |Mazlj ). It is easy to see (and can be derived 
from the results of |Mazlj and |Mallj ) that 03^ is generated by {sj} U {vTj} 
as a monoid. Moreover, is even generated by {sj} and, for example, vri. 
However, we think that the set {sj} U {vTj} is more natural as a system of 
generators for ?B„, for example because of the connection between Brauer 
and Temperley-Lieb algebras (and analogy with the singular braid monoid, 
see jBa| iBi]). In this section we obtain a presentation for with respect 
to this system of generators (this resembles the presentation of the Brauer 
algebra in |BWj . see also |BRj ) . 
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Let T denote the monoid with the identity element e, generated by the 
elements Uj, 6'j, i = 1, ... ,n — 1, subject to the following relations (where 
z,je{l,2,...,n-l}): 

af = e; ataj = ajCi, \i - j\ > 1; (Xiajai = (Xjaiaj, \i - j\ = 1; (3.1) 

= Oi- OiO, = OjO,, |z - j| > 1; 0^ej0^ = Oi, |z - j| = l; (3.2) 

9iai = (XiOi = 9i, OiOj = (XjOi, \i - j\ > 1; (3.3) 

ai9j6i = aj6i, diOjCTi = Oicrj, \i - j\ = 1. (3.4) 

Theorem 3. The map (Ti i— and 6i ^ 7Ti, i = 1, . . . ,n — 1, extends to an 
isomorphism, ip : T ^ *B„. 

The rest of the section will be devoted to the proof of Theorem El We 
start with the following easy observation, which later on will be used in our 
computations: 

Lemma 4. Under the assumption that the relations ()3.Hl - ()3.4j) are satisfied, 
we have the following relations: 

aidjai = (TjOiaj, Oiajdi = 9i, \i - j\ = 1; (3.5) 
<^i<^i+iOidi+2 = o-i+20'i+i9i9i+2- (3.6) 
Proof. For i,j, \i ~ j\ = 1, applying ()3.4p twice we have 

aiOjCi = cTjOiOjCTi = aj6i(jj. 
Applying ()3.4|) . ()3.3|) and, finally, ()3.2p we also have 

diO'jOi = OiOjOiOi = diOjOi = 6i. 

This gives ()3.5|) . Analogously, applying ()3.4|) . ()3.1|) . ()3.2p and ()3.4|) again 
gives 

which implies f)3.6p . □ 

It is a direct calculation to verify that the generators Si and tTj of ^„ 
satisfy the relations, corresponding to ()3.1|) - ()3.4|) . Thus the map (Xj t-^ Sj 
and 9i ^ VTj, i = 1, ... ,n — 1, extends to an epimorphism, (f : T ^ ?B„. 
Hence, to prove Theorem IHl we have only to show that |r| = |*B„|. To do 
this we will have to study the structure of the semigroup T in details. 

Let W denote the free monoid, generated by 0",, 6'j, i = 1, . . . , n — 1, and 
ip : W ^ T denote the canonical projection. Let ~ be the corresponding 
congruence on W, that is v ^ w provided that tp{v) = il){w). We start with 
the following description of units in T: 
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Lemma 5. The elements ai, i = 1, . . . ,n — 1, generate the group G of units 
in T , which is isomorphic to the symmetric group Sn- 

Proof. Let v,w & W he such that v ^ w. Assume further that v contains 
some 9i. Since 9's allways occur on both sides in the relations ()H.2j) - ()3.4|l 
and do not occur in the relations ()3.1|) . it follows that w must contain some 
9j. In particular, the submonoid, generated in W hj ai, i = 1, ... ,n — 1, is a. 
union of equivalence classes with respect to ~. Using the well-known Coxeter 
presentation of the symmetric group we obtain that at, i = 1, . . . ,n — 1, 
generate in T a copy of the symmetric group. All elements of this group are 
obviously units in T. On the other hand, if v,w E W and v contains some 
6i, then vw contains 6i as well. By the above arguments, vw can not be 
equivalent to the empty word. Hence v is not invertable in T. The claim of 
the lemma follows. □ 

In what follows we will identify the group G of units in T with Sn via the 
isomorphism, which sends ai E G to Si. There is a natural action of Sn on 
T by inner automorphisms of T via conjugation: = g~^xg for each x E T, 
9 e Sn- 

Lemma 6. The Sn-stabilizer of 9i is the subgroup H of Sn, consisting of all 
permutations, which preserve the set {1,2}. This subgroup is isomorphic to 

5*2 X Sn-2- 

Proof. We have cTjOiCTj = 9j, j 2, hj ()3.3p . Since aj, j 2, generate H, we 
obtain that all elements of H stabilize 6i. In particular, the S'„-orbit of 6i 
consists of at most |S'„|/|if| = (2) elements. At the same time, it is easy to 
see that the S^-orbit of (p{9i) consists of exactly (2) different elements and 
hence H must coincide with the 5'„-stabilizer of 6'i. □ 

Since Sn acts on T via automorphisms and 9i is an idempotent, all ele- 
ments in the 5'„-orbit of 61 are idempotents. From Lemma El it follows that 
the elements of the S^-orbit of 9i are in the natural bijection with the cosets 
H\Sn. By the definition of H, two elements, x,y E Sn, are contained in the 
same coset if and only if 2}) = y{{l, 2}). 

Lemma 7. The Sn-orbit of 61 contains all 6i, i = 1, . . . ,n — 1. Moreover, 
for w E Sn we have w'^OiW = 6i if and only if w{{l, 2}) = {i,i + 1} . 

Proof. We use induction on i with the case i = 1 being trivial. Let i > 1 and 
assume that 6'j_i is contained in our orbit. Then 9i = ai^iaiOi^iaiai^i and 
hence 9i is contained in our orbit as well. Hence all 9i indeed belong to the 
5'„-orbit of 9i . The second claim follows from 

a i-ia-ia. 1-2(^1-1 ■ ■ ■ o-i(72({l, 2}) = {i^i + 1}, (3.7) 
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which is obtained by a direct calculation. This completes the proof. □ 

For w E Sn such that w{{l,2}) = {i,j}, where i < j, we set eij = 
w~^6iw, which is well defined by Lemma 

Lemma 8. Suppose {i,j} H {p,q} = 0. Then eijep^q = ep^geij. 

Proof. Since all elements e^j are obtained from 6i via automorphisms, it is 
enough to show that 6i commutes with all elements tij such that H 
{1,2} = 0. Take any v E Sn such that v{{l,2}) = {1,2} and v{{i,j}) = 
{3,4}. Such V obviously exists. Then 9i commutes with eij if and only if 
v~^9iv = 6i commutes with v~^eijv = 63. The statement now follows from 
dH- ' □ 

Lemma 9. Suppose {i,j} H {p,q} 7^ 0. Then eijep^g = uOiv for certain 
u,v e Sn- 

Proof. If {i,j} = {p,q} the statement is obvious idempotent. 
Assume |{i, j} H {p, g}] = 1. Since all elements e^j are obtained from 9i via 
automorphisms, it is enough to consider the case when {i,j} = {1, 2}, p = 2 
and q > 2. Consider v E Sn such that v{l) = l,f(2) = 2 and v{q) = 3. 
Then, using ()3.3p . ()3.1|) and ()3.5|) we have 

V'^OiEp^qV = 6162 = 6iai62(Tl(Jl = 6'i (72 6*1 0-20-1 = ^^lO-20-i. 

The statement follows. □ 

For each k, 1 < k < [|], set 6k = 6*1^3. . .6*2^-1. Set also 60 = e. The 
elements Si, < i < [|], will be called canonical. The g roup *S*^ X S^i acts 
naturally on T via {g, h){x) = g~^xh for x G T and {g, /i) G x Sn- 

Lemma 10. Every Sn x Sn-orhit contains a canonical element. 

Proof. Let x E T. U x E Sn the statement is obvious. Assume that x ^ 
Sn- By Lemma m we can write x = w9igi9ig2 ■ ■ -Oigk for some k > 1 and 
w, gi, . . . , gk E Sn- Moreover, we may assume that x can not be written as 
a product of ^I's and elements of Sn, which contains less than k occurrences 
of 9i- We have 

X = w{gi - --gk){gi - --gkY^Oi^gi . ..gk)- 

■{.92--- 9ky^dii92 ---9k)--- i9k-i9k)~^Si{gk-igk)gk^0igk, (3.8) 

and hence we can write 

X = uei^j^ - - - ^if.,jf., (3.9) 
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where u = wgi...gk and {it, jt}={{gt . . . gk){l), {gt ■ ■ ■ gk){'^)}, I < t < k. 
Since x is chosen such that it can not be reduced to an element of T which 
contains less that k entries of ^i, from Lemma |H1 and Lemma IHl it follows that 
{itijt} n [is^js] = for any two factors Cj^jt, ei^j^ in This implies 

that the Sn x S^-orbit of x contains ei^j^ . . . ei^^j^, with {it,jt} H {is,js} = 
for all s ^ t. 

Now consider some v G Sn such that f (ii) = 1, v{ji) = 2, f (22) = 3 
and so on, v{jk) = 2k. Then the element f^^eiui ■ ■ ■U^jk'^ is canonical by 
definition. This completes the proof. □ 

Remark 11. From the proof of Lemma ITUl it follows that each x eT can be 
written in the form x = w6igi6ig2 ■ ■ ■ Oigk, where k < [^J . 

Lemma 12. The Sn x Sn-orbit of the canonical element S^, < k < [|], 
contains at most 



Proof. It is enough to show that the stabilizer of Sk under the Sn x S'^-action 
contains at least (A;!)^2^'^(n — 2k)\ elements. Set 



Then both S° and T,} swap the sets {2i — 1, 2i} and {2i + 1, 2i + 2}. It follows 
that the group H, generated by all consists of all permutations of the set 
{1, 2}, {3, 4}, . . . , {2k — 1, 2k} and is therefore isomorphic to the group 5*^. 
It is further easy to see that the group H, generated by all S° and Sj, is 
isomorphic to the wreath product H1S2. From ()3.6|) and ()3.3|) it follows that 
the left multiplication with both E° and "Ej stabilizes 6k. Therefore for each 
element of H the left multiplication with this element stabilizes Sk as well. 
Similarly one proves that the right multiplication with each element from H 
stabilizes 6k. Apart from this, from (j3.3p we have that the conjugation by 
any element from the group H' = {cr2k+i, • • • , c"n-i) — Sn-2k stabilizes 6k. 

Observe that the group, generated by the left copy of H, the right copy 
of H, and the H' is a direct product of these three componets. Using the 
product rule we derive that the cardinality of the stabilizer of 6k is at least 



22fc(A;!)2(n-2A;)! 




elements. 



= o-2ia2i-ia2i+i(T2i, I <i <k -1; 

= (T2iO-2i_lO-2j+lO-2iO-2i-l, 1 < i < k - 1. 



{\H I S2\f\Sn-2k 



{k\f2 



{n - 2k)\, 



and the proof is complete. 



□ 
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Corollary 13. 

I - 1 

T < > — . 

^ ^ 22fc(A;!)2(n-2A;)! 

Proof. The proof follows from Lemma El and Remark ^2 by a direct calcu- 
lation. □ 

Proof of Theorem{^ Comparing Corollary El and Proposition ^jEj) we have 
1^1 < |2Sn|. Since ip : T ^ is surjective we have |T| > |53„|. Hence 
|r| = |*B„| and if is an isomorphism. □ 



Presentation for XT 



n 

For i G {1, 2, . . . , n — 1} let Qi denote the element {i^i + {i + 1)'} U 
Ujyj ^ 2rT„. By |Mal3| Proposition 9], the elements {cTj} and {Qi\ 

generate XT„ (and even {cxj} and, say ^i, do). 

Let T denote the monoid with the identity element e, generated by the 
elements cxj, r^, i = 1, ... ,n — 1, subject to the following relations (where 
z,j G {1,2,. 1}): 

al = e; cria^ = ajai, \i - j\ > 1; (Tiajai = ajaiaj, \i - j\ = 1; (4.1) 
Ti = n; TiTj = TjTi, i ^ j; (4.2) 

TjO-i = aiTi = Ti] TiCTj = ajTi, |i - j| > 1; (4.3) 
c^iTjCTi = cijTiaj and TiajTi = TiTj, \i ~ j\ = 1. (4-4) 

Theorem 14. The map ai i— > Si and Ti ^ Qi, i = 1, . . . ,n — 1, extends to an 
isomorphism, : T — > XT„. 

The rest of the section will be devoted to the proof of Theorem El 
It is a direct calculation to verify that the generators Si and Qi of XT„ 
satisfy the relations, corresponding to ()4.1|) - ()4.4p . Thus the map cXi ^ Si and 
Ti \—>- Qi, i = 1, . . . ,n — 1, extends to an epimorphism, ip : T ^ XT„. Hence, 
to prove Theorem 1141 we have only to show that |T| = |XT„|. As in the 
previous section, to do this we will study the structure of T in details. Let 
W denote the free monoid, generated hy ai, Ti, i = 1, ... ,n — 1, ip : W ^ T 
denote the canonical projection, and ~ be the corresponding congruence on 
W. The first part of our arguments is very similar to that from the previous 
Section. 

Lemma 15. The elements ai, i = 1, . . . ,n — l, generate the group G of units 
in T, which is isomorphic to the symmetric group Sn (and will be identified 
with Sn in the sequel). 
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Proof. Analogous to that of Lemma 
There are two natural actions on T: 



□ 



(I) The group Sn acts on T by inner automorphisms via conjugation. 

(II) The group Sn x Sn acts on T via {g,h){x) = g^^xh for x G T and 
{g, h) e SnX Sn- 

Lemma 16. The Sn-stabilizer of Ti is the subgroup H of Sn, consisting of 
all permutations, which preserve the set {1,2}. This subgroup is isomorphic 

to S2 X Sn-2- 

Proof. Analogous to that of Lemma IHl □ 

Since Sn acts on T via automorphisms and ti is an idempotent, all ele- 
ments in the S'„-orbit of Ti are idempotents. From Lemma IT?)1 it follows that 
the elements of the S'„-orbit of ti are in the natural bijection with the cosets 
H\Sn- By the definition of H, two elements, x,y E Sn, are contained in the 
same coset if and only if x({l, 2}) = y{{l, 2}). 

Lemma 17. The Sn-orbit of ti contains all t^, i = 1, . . . ,n — 1. Moreover, 
for w E Sn we have w~^TiW = Tj if and only if w{{l, 2}) = {i,i + 1}. 

Proof. Analogous to that of Lemma [7| □ 

Lemma 18. All elements in the Sn-orbit of Ti commute. 

Proof. Since all elements in the S^-orbit of ti are obtained from ti via auto- 
morphisms, it is enough to show that ti commutes with all elements in this 
orbit. Let w G Sn be such that w{{l,2}) = {i,j}. If = {1,2} then 

w~^TiW = Ti by Lemma IT7I and hence we may assume {i,j} 7^ {1,2}. 
Take any v E Sn such that 

. v{{l, 2}) = {1,2} and v{{t, j}) = {3, 4} if {t, j} n {1, 2} = 0; 

. v{{l, 2}) = {1,2} and v{{t, j}) = {2, 3} if {z, j} H {1, 2} ^ 0. 

Such V obviously exists. Then ri commutes with w~^TiW if and only if v'^tiv 
commutes with v~^w~^tiwv. Using our choice of v and Lemma IT7I we have 
v^^TiV = Ti and v^^w^^tiWV = tj, where j = 3 if {i,j} H {1,2} = 0, and 
j = 2 otherwise. The statement now follows from ()4.2j) . □ 

For w E Sn such that w{{l,2}) = {i,j}, where i < j, we set £jj = 
w~^Tiw, which is well defined by Lemma IT?)1 
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Lemma 19. Let {i,j, k} C {1,2, . . . , n} and i < j < k. Then 



^i,j^j,k ^i,k^j,k ^i,j^i,k- 

Proof. We prove that £i,j£j,k = £i,k£j,k and the second equahty is proved by 
analogous arguments. Let w E Snhe such that w{i) = 1, w{j) = 2, w{k) = 3. 
Conjugating by w we reduce our equahty to the equahty T1T2 = (72Ti(T2T2. 
Using ()4.4|1 twice and ()4.3j) we have 

0'2Tia2T2 = 0'iT2aiT2 = 0'iTiT2 = T1T2. 

The claim follows. □ 

For i,jEM set ei^i = e and Eij = ej^i if j < i. For a non-empty binary 
relation, p, on M set 



Corollary 20. Let p be non-empty binary relation on M and p* be the 

reflexive-symmetric-transitive closure of p. Then Sp = Sp* 

Proof. Follows easily from Lemma ^1 Lemma ITTH and the fact that all ^jj's 
are idempotents. □ 

Let A : {1, . . . , n} = Xi U ■ ■ ■ U Xk be a decomposition of M into an 
unordered union of pairwise disjoint sets. With this decomposition we as- 
sociate the equivalence relation px on M, whose equivalence classes coincide 
with Xj's. 

Corollary 21. Let A and p be two decompositions of M as above. Assume 
that the types of X and p coincide. Then Ep^ and Sp^ are conjugate in T. 

Proof. Let f G be an element, which maps X to p (such element exists 
since the types of A and p are the same). One easily sees that v'^Ep^v = Ep^. 
The statement follows. □ 

A decomposition, A : {1, . . . ,n} = Xi U ■ ■ ■ U Xk, is called canonical 
provided that (up to a permutation of the blocks) we have > IX2I > 
■ ■ ■ > Xi = {1, 2, . . . , h}, X2 = {li + l,h + 2,...,h + I2} and so on. 

Note that in this case A can also be viewed as a partition of n. The element 
Ep^ will be called canonical provided that A is canonical. 

Lemma 22. Every Sn x Sn-orbit contains a canonical element. 
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Proof. Because of Corollary |^ it is enough to show that every Sn x ^n-orbit 
contains Ep^ for some decomposition A. Let x E T. If x G Sn, then the 
statement is obvious. Let x G T \ Sn- From Lemma IT7I we have that the 
semigroup T is generated by Sn and ri. Hence we have x = WTigiTig2 ■ ■ ■ Tig^ 
for some w, gi, . . . , gk G Sn- Therefore 

X = w{gi - --gk)igi ■ --gkY^ri^gi . ..gk)- 

■ {92--- 9kY^ri{g2 ---gk)--- {9k-i9k)'^n{gk-igk)gk^Ti9k, 

and hence we can write x = uSi^^j^ . . . £4^.^^,, where u = wgi - - - gk and 
jj = {{9t - - - 9k){l), {9t... 9k)m, l<t<k. 

Define the equivalence relation p as the refiexive-symmetric-transitive closure 
of the relation {(^i, ji), . . . , {ik,jk)} and let A be the corresponding decom- 
position of {1,2, ... ,n}. From Corollarv QUI we get that the Sn x ^^-orbit of 
X contains Ep = Ep^ . This completes the proof. □ 

Lemma 23. Let X be a canonical decomposition of {1,2, ... ,n} . For i = 
1, . . . ,n set A'-*-' = \{j '- \Xj\ = Then the Sn x Sn-stabilizer of Ep^ contains 
at least 

n(A»!(z!)2^^"') 

i=l 

elements. 

Proof. Fix i G {1,2,..., n}. Let Xa, Xa+i . . . ,Xh be all blocks of A of car- 
dinality i. Then for any non-maximal element j of any of Xa, Xa+i . . ■ , X^, 
using Lemma UHl the definition of Ep^, and ()4.3|1 we have crjEp^ = Ep^aj = Ep^. 
Moreover, for any w & Sn, which stabilizes all elements outside Xa U Xa+i U 
■ ■ ■ U Xft and maps each Xg to some Xt, we have w{X) = A and hence 
w~^Ep^w = Ep^. This gives us exactly A(^)!(i!)2^'" elements of the 5„ x 
stabilizer. The statement of the lemma now follows by applying the product 
rule since for different i the nontrivial elements w above stabilize pairwise 
different subsets of {1, . . . , n}. □ 

Corollary 24. 

m<E^^^^ — • 

i=l 
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Proof. Canonical elements of T are in bijection with partitions A h n by 
construction. By Lemma|22l every Sn x S^-orbit contains a canonical element. 
We have \Sn x Sn\ = (n!)^. By Lemma 1221 the stabilizer of a canonical 
element, corresponding to A, contains at least nr=i(-^^*^K^O^'^*'') elements. 
The statement now follows by applying the sum rule. □ 

Proof of Theorem\14\ Comparing Corollary |^ and Proposition ^jcj) we have 
|T| < \ITn\- Since ip : T ^ XT„ is surjective we have |T| > |XT„|. Hence 
|T| = |XT„| and if is an isomorphism. □ 

Remark 25. From the above arguments it follows that the inequality ob- 
tained in Lemma ESI is in fact an equality. From the proof of Lemma ESI one 
easily derives that the Sn x Sn-stabilizer of Ep^ is isomorphic to the direct 
product of wreath products Sxii) I {St x Si). 

Remark 26. Following the arguments of the proof of Theorem 1141 one easily 
proves the following presentation for the symmetric inverse semigroup ISn'. 
TSn is generated, as a monoid, by ai, . . . , cr„_i, 'di, . . . ,'dn subject to the 
following relations: 

a'l = e; a^aj = ajai, \i - j\ > 1; aiajai = ajaiaj, \i - j\ = 1; (4.5) 
^^i=A; ^i^^ = ^j^i t ^ j; (4.6) 
ai^i = ^i+iau Oidj = djai, j y^i,i + l] -dtai-di = ^i^i+i. (4.7) 

The classical presentation for ISn usually involves only one additional gen- 
erator (namely and can be found for example in jLil Chapter 9]. 



5 Presentation for V^n 

For i G {1, . . . ,n} let q denote the element {i} U {i'} U j'}- Using 

|Mazlj . it is easy to see that V^n is generated by {(Xj} U {tTj} U {q} (and 
even by {o"i}, tti and ^i). 

Let T denote the monoid with the identity element e, generated by the 
elements ai, 9i, i = 1, . . . ,n — 1, and ^i, i = 1, . . . ,n, subject to the relations 
()H.H) - ()3.4|1 . the relations from Remark EHl and the following relations (for all 
appropriate i and j): 

ei'dj=^j9i, J ^t,t + l; (5.1) 
= Oi^i+i = OM+u m = ^i+iOi = AA+iOi; (5.2) 

e,m = o,, mA = m+i. (5.3) 



16 



Theorem 27. The map ai ^ Si, 6i ^ tt-i, i = 1, . . . ,n — 1, and i— > 
z = 1, . . . , ra, extends to an isomorphism, : T — > V^n- 

We will again start with the following auxiliary technical statement, which 
we will need later: 

Lemma 28. Under the assumption that ()H.1|1 - ()H.4|1 . and the re- 

lations from Remark{^ are satisfied, one has the relation 

ai+2(^i+idi^i+2^i+3 = criai+i'diei9i+2'&i+2- (5.4) 
Proof. Using ()3.4|) twice and ()3.H) we have 

= O-iO'i+2di+l0i-&i+2l^i+3 = CriCri+l0i+20i+ldi1^i+2l^i+3, 

and hence ()5.4|) reduces to 

0i+20i+M+2A+3 = Wi+2A+2. (5.5) 

Using dSIIll-dOl) and we have 

di+2di+lOi^i+2'&i+3 = di+2'&i+3di+l1^i+2di = d 1+21^ 1+20 i+l'&i+ldi = 

= 6'i+2''9j+l 6*4+1 l^j+l = Gi+2^i+2'&i+lGi = ^iGSi+2'&i+2, 

which gives ()5.5p . The statement follows. □ 

As in the previous section, one easily checks that this map extends to 
an epimorphism and hence to complete the proof one has to compare the 
cardinalities of T and POS^. 

Similarly to what was done in Section 01 using the presentation of XiS„ 
given in Remark EHl one proves that elements cTj, i = l,...,n — 1, generate 
the symmetric group Sn, and that the elements cij, i = 1, . . . ,n — 1; 'di, 
i = 1, . . . , n, generate the semigroup, which is isomorphic to XiS„ (and which 
will be identified with it). As in Section |3] we consider the natural action of 
Sn on T by inner automorphisms of T via conjugation: = g~^xg for each 
X eT, g e Sn- Set = 6i^i, r]i = -diOi, I <i <n - I. 

Lemma 29. The Sn-stabilizer of each of Oi, ^i, rji is the subgroup H of Sn, 
consisting of all permutations, which preserve the set {1,2}. This subgroup 
is isomorphic to S2 x Sn-2- 
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Proof. For 6i this follows from Lemma IHl For each j > 2 we have that aj 
commutes with both and rji by ()3.3|) and ()4.7|) respectively, and hence 
CTj^iCTj = ^1 and crjTiiaj = rji. Let j = 1. Then 

o"i^iO"i = cri9i{}iai = 016101^2 = 6i§2 = Oi^i = ^1; 

by ()4.7|) and ()3.3p . Hence cxi also stabilizes ^1 and rji. Since cXj, j 7^ 2, 
generate if, we obtain that all elements of H stabilize ^1 and rji. In particular, 
the 5'n-orbits of ^1 and of r/i consist of at most l^nl/l-ffl = (2) elements each. 
At the same time, the S'n-orbits of ^{^1) and ^p{r]i) consist of exactly (2) 
different elements and hence H must coincide with the .Sri-stabilizer of both 
^1 and rii. □ 

Since S'„ acts on T via automorphisms and 9i, ^1, rji are idempotents, 
all elements in the S^-orbits of 61, C,i, ?7i are idempotents as well. From 
Lemma |2ni it follows that the elements of the ^^-orbits of 61, C,i, ?7i are in 
the natural bijections with the cosets H\Sn- By the definition of H, two 
elements, x,y E Sn, are contained in the same coset if and only if 2}) = 
?/({l,2}). 

Lemma 30. The Sn-orbits of 61, ^i, 771 contain all elements 6i, and rji, 
i = 1, . . . , n — 1, respectively. Moreover, for w E Sn we have w~^6iw = 9i if 
and only if w{{l,2}) = {i,i + 1} and analogously for and rji. 

Proof. The proof for the ^n-orbit of 61 is analogous to that of Lemma [7| 
We prove the statement for the S'„-orbit of ^1. For the S'„-orbit of 771 the 
arguments are analogous. We use induction on i with the case i = 1 being 
trivial. Let i > 1 and assume that is contained in our orbit. Then, using 
(gTj), dSH) and dSUl), we compute 

ii = Oidi = Gi-iOiOi-iaiai-idi = ai_iai9i-iaidi_iai^i = 

and hence is contained in our orbit as well. The second claim follows from 
()3.7|) . This completes the proof. □ 

For w E Sn such that w{{l,2}) = {i,j}, where i < j, we set eij = 
w~^9iw, fii j = w~^C,iW, Uij = w~^rjiw. All these elements are well defined 
by Lemma EHl 

Lemma 31. (a) diei^j = djei^j = ^i^jeij = Vi^; ^k^ij = eij^k, k ^ {i,j}. 
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(b) ^ifiij = dj^ij = ^i^jfiij = didf, ^kf^ij = fJ'ij^k, k ^ {i,j}. 

Proof. First we prove ((^. Because of Lemma IHUl it is enough to check that 
'^1^1,2 = 1^2^1,2 = ''9i^92ei,2 = ^1,2 and that ^3ei^2 = ^1,2^3- The latter equahties 
follow from (jK?^ and (jEH). 

Now we prove (jb)). Again, because of Lemma EO it is enough to check 
that ■(9i/ii,2 = ^2f^i,2 = '*9i'i92yUi,2 = '&i'&2 and that 'i93jUi,2 = jUi,2''?3- Using 
(Q, (Q and diH) we have 

^m,2 = ^lOl^l = ^1^2; ^1/^2,3 = ^9l^2^?2 = ^2^?1^92 = ^2^92^1 = 1^2,3^, 

as required. □ 
Lemma 32. Suppose {i,j} n {p,q} = 0. Then eijCp^q = ep^qCij, fii,jiJ^p,q = 

Proof. Following the arguments from the proof of Lemma |H1 it is enough to 
show that /ii,2/i3,4 = /i3,4/^i,2 and /ii,2e3,4 = £3,4/^1,2, that is that ^1,^3 = ^3,^1 
and ^16*3 = 6*3^1 . Using dSH}, (g^l) and we have 

U3 = 0i^M = eiOsA^s = e^e^^sA = Os^m = 66, 

and using ()5.1|) and ()3.2p we also obtain 6^3 = ^11^1(^3 = ^1(^3^1 = ^36, as 
required. □ 

Lemma 33. Suppose {i,j} H {p,q} 7^ 0. Then each of the elements e^jep^q, 
l^i,jl^p,q, ^i,jf^p,q, f^i,j^p,q GQuals to the element of the form u9iv for some u,v E 

XSn- 

Proof. Using the argument from the proof of Lemma IHl it is enough to prove 
the statement only for the elements /ii,2/^2,35 A'-i, 2^2,35 ^i, 2/^2, 3- We have 

/^l,2/i2,3 = 66 = eid^e2^2 = eM2^2 = e.A^s = 6^93 = ^1^1^93 

by (Q and (Q; and 

/^l,2e2,3 = 0i'&i92 = 9idiai029iOi02 = ^^lO-li920"2^lO"lO"2 = 

9iaia2th9icri(^2 = 9iai029idzaia2 = 9ia29i'd3aia2 = 9i'd3aia2 
by (HH), (Hi), (HI, (SH). Finally, 

ei,2Ai2,3 = 9i92l!}2 = 6*1 0-10-2^10-2 '*92 = 6'iO-2'i9lO-i. 

using (jSH}, and The statement follows. □ 
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For each subset {ii, . . . , ifc} of {1, 2, . . . , n} set ^{{ii, . . . , ik}) = ^ii ■ ■ ■ ^i^- 
Obviously, ^{{ii, . . . , ik}) is an idempotent and each idempotent of ISn has 
such a form. In the sequel we will use the obvious fact that each element of 
ISn can be written in the form uv, where u is an idempotent, and v G Sn- 

As in the previous sections we consider the Sn x S'„-action on T given by 
{g, h){x) = g~^xh for x G T and {g, /i) G 5"^ x Sn- 

Lemma 34. Every Sn x Sn-orbit contains either e or an element of the 
form 'd{A)'yi-^^j^ . . . 7j^j\,, where Ac {1, 2, ... , n}, the sets {ii,ji} are pairwise 
disjoint, and each 'ji^^j^ equals either ei^J^ or ^i^^j^. 

Proof. The idea of the proof is analogous to that of Lemma El Let x G T. If 
X E Sn the statement is obvious. Assume that x ^ Sn- Since T is generated 
by ISn and 9i we can write 

X = wu9iUigi9iU2g2 ■ ■ ■ OiUkgu (5.6) 

for some k > 1, w, gi, - - - , gk & Sn and u,Ui, - - - ,Uk G E{XSn)- Moreover, we 
may assume that x can not be written as a product of ^I's and elements of 
ISn-i which contains less than k occurrences of 9i. We claim that x can be 
written as 

x = wu'-i\g[-ilg'^----l\gl (5.7) 

where, w, g[, - - - , g[ G Sn, u' G E(2Sn), and each 7} is equal to either 9i or 
^1. Let us prove this by induction on k. Let k = 1 and x = wu9iUigi- We 
know that ui = -d^B) for some B C {!,..., n]. Let A = B \ {1, 2}. Using 
(j^.lj) and ()5.2|1 we obtain that 

_ f wuui9igi, if 5 n {1, 2} = 0; 
^~ \ wu^{A)^igi, if5n{l,2}^0, 

as required. Let now k > 2. Applying the basis of the induction to 9iUkgk 
we obtain 

X = wu9iUigi9iU2g2 ■ ■ ■ 9iUk-igk-i9iUkgk = 

wu9iUigi9iU2g2 ■ ■ ■ 9iUk^igk~iu'kligk, 

where m'^ is an idempotent of ISn and 7^ is either ^1 or 9i- Now, since 
Uk-igk^iu'k G TSn, we can write Uk-igk-iU^ = u'^_ig'k-i for some g'f._^ G Sn 
and u'f^_i G E{XSn)- Now ()5.7|) follows by applying the inductive assumption 

to wu9iUigi9iU2g2 ■ ■ ■ Uk-2gk-29iu'^_ig'k-i- 

Similarly to ()H.8j) we can rewrite ()5.7j) as follows: 

X = wu'{g[ ■ ■■g'k){g[ ■ ■ ■ g'ky^i\{g'i ■■■g'k)- 

■ i.g'2 ■ ■ ■^fc)"S?(^2 ■■■g'k)--- i.g'k-ig'k)'^il'^i.g'k^ig'k)g'k^iig'k^ 



20 



and therefore we can write 

a^ = ^w'7n,ii---7ife,ife, (5.8) 

where v = wg[---g',^, jj={(^; • ■ ■^^)(1), (^^ • • •^^)(2)}, 1 < t < A;, and 
each 7jjjj is equal to either e^jj, or Since x is initially chosen such 

that it can not be reduced to an element of T, which contains less that k 
entries of 9i, from Lemma IH^ it follows that {it,jt} H {ii,ji} = for any two 
factors 'jitjt, 'jiiji in ()5.8|1 . This implies that the Sn x S^-orbit of x contains 
u'liuh ■ ■ ■ lisjs such that u' G E{ISn), {it,jt} n {ii,ji} = for all / 7^ t. The 
statement follows. □ 

Corollary 35. Any Sn x Sn- orbit contains either e or an element of the 
form ■&{A)'yi^j^ ■ ■ - ^i^j^, such that 

(i) the sets {iuji} are pairwise disjoint; 

(a) each 'ji^j^ equals to either e^j^ or fii^j^ or Ui^ji^; 

(lit) A n {ii, ji, . ..is, is} = 0- 

Proof. This follows from Lemma OH and Lemma 1^ □ 

Now we introduce the notion of a canonical element. Let k,l,m,t he some 
non-negative integers satisfying 2k + 21 + 2m + t < n. Set 5(0, 0, 0, 0) = e 
and if at least one of k, I, m, t is not zero, set 

6{k,l,m,t) = OiO-s ■ ■ ■ 02k-lC,2k+1^2k+3 ■ ■ ■ C,2k+2l-1^2k+2l+lJ^2k+2l+3 ' ' ' ' 

■ l^2k+2l+2m-l'>^2k+2l+2m+l'&2k+2l+2m+2 ' ' ' ^2k +2l+2m+t. (5.9) 

The element 5{k,l,m,t) such that / = or m = will be called a canonical 
element of type {k, I, m, n). 

Corollary 36. Every Sn x Sn-orbit contains a canonical element. 

Proof. Because of Corollary EHl we have to prove that, the Sn x 5'„-orbit 
of the element i!}{A)'yi^j^ ■ ■ ■'ji^j^, satisfying the conditions of Corollary 
contains a canonical element. Using conjugation, we can always reduce 
{}{A)'yi^j^ ■ ■ ■■ji^j^ to some 6{k,l,m,t). However, it might happen that both 
m and / are non-zero. Without loss of generality we may assume m > I > 1. 
Using ()5.4|) and conjugation we get that the Sn x S'„-orbit of the element 
l^i,j^p,q contains eij'dp'dq provided that {«, j}n{p, q] = 0. Hence the Sn x 5"^- 
orbit of our 6{k,l,m,t) contains 6{k + 1, / — 1, m — 1, t + 2). Proceed- 
ing by induction we get that the Sn x S^-orbit of our 6{k,l,m,t) contains 
S{k + l,0,m — l,t + 21), which is canonical. This completes the proof. □ 
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Lemma 37. The Sn x Sn-orhits of the canonical element 6{k,l,0,t) and 
6{k,0,l,t) contain at most 

(n!)2 

{k + 1)&+H\k\2''{2l + t)\{n -2k -21- t)\ 

elements. 

Proof. We will prove the statement for the element 6{k, 1, 0, t). For 6{k, 0, /, t) 
the proof is analogous. We use the arguments similar to those from the proof 
of Lemma IT^ It is enough to show that the stabilizer of 6{k, I, 0, t) under the 
Sn X S'„-action contains at least {k + l)\2''+H\k\2^ {21 + t)\{n - 2k - 21 - t)\ 
elements. Set 

S° = (T2i(T2i-lCr2i+ia2i, 1 < Z < + / - 1; 
S,- = 0-2iO-2i_iO-2j+i(T2jCr2i_i, I < i < k + I - 1. 

Then both S° and swap the sets {2i — 1, 2z} and {2i + 1, 2i + 2}. It follows 
that the group if, generated by all consists of all permutations of the 
set {1, 2}, {3, 4}, . . . , {2k + 21 — 1,2k + 21} and is therefore isomorphic to the 
group Sk+i- It is further easy to see that the group if, generated by all S° 
and S,- , is isomorphic to the wreath product H I 82- From ()3.6|) and ()3.3|) 
it follows that the left multiplications with S° and stabilizes 5(A;, /, 0, t). 
Therefore the left multiplication with each element of H stabilizes 5{k, /, 0, t) 
as well. Now, from ()4.7|1 and ()5.2j) it follows that 

CTiTii = ai-didi+iOi = {}i+iai^i+idi = 'diOi-QiQi = A^i+i6i = r]i. 

for alH = 1, . . . , n — 1. Moreover, 

§i+l§i+20i9i+2 = ^i+l9i^i+20i+2 = ViVi+2 

for alH = 1, . . . , n — 3 by ()5.H) and ()4.7|1 and 

ai+ir]i{}i+2 = (Ji+i§i+i6i§i+2 = ai+i^9i+i^?i+26'i = ^?i+i^?i+26'j = r]i{}i+2 

for alH = 1, . . . , n — 2 again by ()5.H1 and ()4.7|1 . Using this and the fact that 
T]i commutes with each of 6j, rjj, C,j whenever |i — j| > 1 we see that each of 
the elements ai, 2k + 21 — 1 < i < 2k + 21 + 1, stabilizes 6{k, I, 0, t) under the 
left multiplication. All these elements generate the group iio — St, which 
stabilizes 6{k, I, 0, t) and has trivial intersection with H. Let Hi = Hq x H. 
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Analogously one shows that there is a group, H21 isomorphic to the 
wreath product (5*^ I S2) x 821+1, such that each element of this group sta- 
bilizes 6{k,l,0,t) with respect to the right multiplication. Apart from this, 
from we have that conjugation by any element from the group H3 = 
{a2k+2i+t+i, ■ ■ ■ ,(Jn-i) - Sn-2k-2i-t staWlizes S{k,l,0,t). Observe that the 
group, generated by Hi, H2 and H^, is a direct product of Hi, H2 and H^. 
Hence, using the product rule we derive that the cardinality of the stabilizer 
of 6{k,l,0,t) is at least 

{k + l)\2''+h\k\2\2l + t)\{n -2k -21- t)\, 

and the proof is complete. □ 

Proof of Theorem\21\ Comparing Lemma 1^ and Proposition [Tljd| we have 
1^1 < Since ip : T ^ *B„, is surjective we have \T\ > |?B„|. Hence 

|T| = |?B„,| and ip is an isomorphism. □ 
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